We present the exhaustive classification of surface states of topological insulators and superconductors protected by crystallographic magnetic point group symmetry in three spatial dimensions. Recently, Cornfeld and Chapman [Phys. Rev. B 99, 075105 (2019)] pointed out that the topological classification of mass terms of the Dirac Hamiltonian with point group symmetry is recast as the extension problem of the Clifford algebra, and we use their results extensively. Comparing two-types of Dirac Hamiltonians with and without the mass-hedgehog potential, we establish the irreducible character formula to read off which Hamiltonian in the whole K-group belongs to fourth-order topological phases, which are atomic insulators localized at the center of the point group.
space dimensions. The same approach does work for generic space dimensions.
The plan of this paper is as follows. In Sec. 2, we illustrate how the entire group K and the group K of atomic insulators are computed for a simple example in 1d. Sec. 3 is devoted to establishing the irreducible character formulas to compute the groups K and K for generic magnetic point group (MPG) symmetry. In Sec. 3.1, we reformulate the Cornfeld and Chapman's prescription so that it can be applied to generic MPG symmetry with any factor systems. In Sec.4, we apply our formalism to insulators and superconductors in 3 space dimensions to get the complete classification of the gapless surface states. The classification tables are summarized in Tables 3-10 in Appendix D. We summarize this paper and suggest future directions in Sec. 5.
A simple example
Before moving on to the formulation that is applied to any MPGs for TIs and TSCs, here, we give a simple example to draw what we want to do in this paper.
Let us consider 1d TR symmetry (TRS)-broken odd parity superconductors (SCs). In this paper, we deal with the Dirac Hamiltonian H(k x ) = −i∂ x γ 1 + mΓ 0 , γ
where k x = −i∂ x . The symmetry is summarized aŝ
Here,Î is the unitary inversion operator, andĈ is the antiunitary particle-hole symmetry (PHS) operator. Note that the following algebraic relations hold
To carry out the topological classification of the mass term mΓ 0 , we introduce the operatorĨ = iγ 1Î that behaves as onsite chiral symmetryĨ
with the algebra among symmetry operators
The operatorsĈ andĨ composes the class BDI in the Altland-Zirnbauer (AZ) symmetry classes. [19] Thus, we conclude that the mass terms mΓ 0 is classified by integers K = Z. [3, 4] The generator model is given by
For generic Dirac Hamiltonians, the Z topological number, which is the 1d winding number, is given by
Not every integer of the K-group K = Z represents a 1st-order TSC, the Kitaev chain. In fact, as is shown shortly, even integers of the K-group are 2nd-order TSCs, i.e., they are equivalent to atomic insulators localized at the inversion center. To see this, we consider the 1d Dirac Hamiltonian with a Jackiw-Rebbi kink potential in addition to a uniform mass as iñ
where M (−x) = −M (x). The key observation is that the HamiltonianH(k x , x) with a single kink is identified with a Hamiltonian H 0d of an atomic state localized at the inversion center. 1 Therefore, the topological classification of HamiltoniansH(k x , x) with a single kink, which we denote it by K AI , is the same as the classification of atomic orbitals exactly at the inversion center, where the latter is computed straightforwardly. The same conclusion can be confirmed by the dimensional isomorphic mapping [20] as follows. The PHS and inversion symmetry are written aŝ
We find that the following algebra among operatorŝ
in addition to (3) . The topological classification of the mass term mΓ 0 is performed again by introducing the onsite symmetry operatorĪ = iγ 1 Γ 1Î ,
Now all the symmetry operatorsĈ,Ī become onsite, one apply the dimensional isomorphism [20] to reduce the problem to the topological classification of 0d Hamiltonians H 0d with the same symmetry. From the relationĈĪ = −ĪĈ, we can see the PHS operatorĈ exchanges positive and negative sectors of the onsite unitary operatorĪ, which means the AZ class for the mass term mΓ 0 is effectively the class A. Since there are one momentum-type gamma matrix γ 1 and one real-space type one Γ 1 , the topological classification is 1 In fact, the kinetic term −i∂xγ1 with a single kink M (x)Γ1 traps the zero modes {φj(x)} N j=1 with the localized wave function proportional to e tr (γ1Γ1Γ0)] φj(x), (j = 1, . . . , N ). The localized bound states φj(x) can be regarded as atomic insulators at the inversion center.
given by K AI = Z as it is for 0d class A Hamiltonians. Explicitly, given a 0d Hamiltonian H 0d with PHS and inversion symmetry,Ĉ 0d H 0dĈ
the dimensional raising isomorphic map is given bỹ H(k x , x) = −i∂ x τ y + M (x)τ x + H 0d τ z ,C =C 0d τ z ,Ī =Ī 0d .
Notice that the HamiltonianH(k x , x) and the symmetry operatorsĈ,Ī obtained by this isomorphic map automatically satisfy the desired symmetry algebra (9) . In particular, the generator model of K AI = Z is given by H 0d = σ z ,Ĉ 0d = σ x K,Ī 0d = σ z for 0d Hamiltonians and
for 1d kink Hamiltonians.
The next step is embedding the kink HamiltoniansH(k x , x) in the group K AI of atomic insulators into 1d Hamiltonians H(k x ) with a uniform mass classified by the group K. By setting the kink mass M (x) to be zero, the Dirac Hamiltonian (8) is regarded as one with a uniform mass mΓ 0 , which defines a homomorphism f : K AI → K. To determine the target element f (1) ∈ K of the generator 1 ∈ K AI , we should match the algebra of symmetry generators for K AI with the algebra of K. To do so, we introduce the chiral operatorĨ = Γ 1Ī that acts only on the real-space coordinatẽ
with the algebraĈĨ = −ĨĈ. We see thatĈ andĨ constitute the algebra (2) for the Dirac Hamiltonian of the K-group K, except for existence of the kink mass term M (x)Γ 1 . The homomorphism f : K AI → K is computed by the 1d winding number w 1d for the generator model (14) , and we have
This means that within the K-group, Hamiltonians belongs to even integers Im f = 2Z ⊂ Z admits a single kink, resulting in 2nd-order TSCs. Let us write the abelian group of the 2nd-order TSCs by K := Im f . We have the subgroup structure K ⊂ K, and conclude that the classification of 1st-order TSCs is given by the quotient K/K = Z/2Z.
Formulation
In this section, generalizing the strategy illustrated in the previous section, we formulate how to compute the abelian group K of all TIs/TSCs and the abelian group K composed only of 4th-order TIs/TSCs in 3 space dimensions. The generalization to any space dimensions is straightforward.
The entire K-group K for TIs/TSCs
Let H be a 3d Dirac Hamiltonian with a uniform mass,
Let G be a MPG equipped with the data (O g , φ g , c g , z g,h ), where O g ∈ O(3) represents how the group G acts on the real-space coordinate x → O g x for g ∈ G, and φ, c are homomorphisms G → Z 2 = {±1} indicating unitary/antiunitary and symmetry/antisymmetry, respectively, for g ∈ G so that the symmetry constraint is written asĝ
The set of U (1) phases z g,h ∈ U (1), g, h ∈ G, specifies the factor system of projective representationŝ
For gamma matrices, the symmetry (18) is written aŝ
For an SO(3) rotation R = (n, θ) with the counterclockwise rotation about n-axis by the angle θ, we have the key equality
with q R the unitary operator canonically defined by
irrespective to representations of the gamma matrices. 2 The operator q R can be used to makeĝ onsite. [18] To do so, we further introduce a homomorphism p :
specifying if g ∈ G preserves the space orientation or not. Let R g be the SO(3) part of O g ∈ O(3), i.e., R g = O g for p g = 1, and R g = −1 × O g for p g = −1, where −1 is the space inversion. We introduce the new symmetry operatorg defined byg
The new operators now represent onsite symmetrỹ
Equivalently, for gamma matrices, It is to be noted that orientation-reversing symmetry operators behaves as chiral symmetry. The new operatorsg obey a different factor system from that forĝs. From a straightforward calculation, the factor system z g,h ofgs that is defined bygh =z g,h gh is 3
Here we have introduced the factor system z g,h (= (z g,h ) −1 ) of Spin(3) rotation matrices q R , which we will frequently use later.
Since the MPG G is now onsite, one can apply the Wigner criteria to symmetry operators {g} g∈G to get the K-group K classifying the mass term mΓ 0 . [21] We decompose the group G into subsets as
where
For an irrep α of G 0 with the factor systemz g,h , the Winger criteria for operatorsã andb are defined by
whereχ α (g) is the irreducible character of α. We also introduce the orthogonal test for the operator ab by
There are 19 patterns of possible combinations of W T α , W C α , O Γ αα , which are shown in Table 1 , and we name them A, AI, AII, A T , D, C, A C , AIII, A Γ , A T,C , AIII T , AI C , BDI, D T , DIII, AII C , CII, C T , and CI. We call them effective AZ (EAZ) class of α. Given an EAZ class, the topological classification of the mass term mΓ 0 can be read off from the periodic table of TIs/TSCs [3, 4] shown in Table 2 . Summing up all the contributions from irreps of G 0 , the K-group K of TIs/TSCs is determined. 
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Higher-order TIs/TSCs
Not every element of the K-group K hosts a gapless surface state, since some elements of K may be compatible with a spatially varying masses that induces a finite energy gap to the surface state. The relationship among the K-group K and surface states is best described by the structure of subgroups [8, 9] 
for 3 space dimensions, where K (n) denotes the abelian group composed of Dirac Hamiltonians that admit at least n mass terms [9, 14] 
The additional mass terms Γ j decrease the dimensionality of the surface Dirac fermion. By design, the quotient group K (n−1) /K (n) represents Dirac Hamiltonians that admit at most n masses, which means the surface Dirac fermion is constraint on a (3 − n)-dimensional subregion, and such phases are called (n + 1)th-order TIs/TSCs. In particular, the group K of 4th-order TIs/TSCs, which are composed of Dirac Hamiltonians with 3 masses, represent no surface states but a bound state localized at the center of the point group.
See Ref. [9] for explicit subgroups (36) for an additional order-two MPG symmetry for ten-fold AZ symmetry classes. For generic MPG symmetry, it has not yet known how to compute all the subgroups in (36). Nevertheless, in addition to the entire K-group K, one can compute the group K of 4th-order TIs/TSCs in a canonical way, which is developed in the rest of this section. Therefore, we have the quotient group K/K , the topological classification of surface states.
Dirac Hamiltonian with hedgehog mass
Let K AI be the abelian group generated by atomic insulators exactly at the center of the point group. The group K AI is nothing but the abelian group generated by irreps of G with the homomorphisms φ g , c g and the factor system z g,h . To compute the group K , we first embed the group K AI in the group K of TIs/TSCs with a uniform mass as follows. There is an isomorphism between the group K AI and the group of 3d Dirac Hamiltonians with the hedgehog-mass potential,
with a unit winding number
Here, the amplitude |M (x)| of the mass vector is supposed to be finite at the infinity |x| → ∞ so that H hosts an exponentially localized bound state. This relationship is In fact an isomorphism: As we will see shortly, for a given atomic insulator H 0d = m1 α of the irrep α of G with the factor system z g,h , one can construct the 3d Dirac Hamiltonian with a hedgehog mass in the form (39). Conversely, a 3d Dirac Hamiltonian with a hedgehog mass with a unit winding number, we have a 0d bound state that is symmetric under the group G.
Neglecting mass vectors by setting M (x) ≡ 0 defines the homomorphism f : K AI → K. It should be noted that not every atomic insulator of K AI is pinned at the origin of the point group, since some sets of atomic orbitals of K AI can go far away without breaking the G symmetry, and such combinations of atomic orbitals should be zero in the target group K. The group K representing bound states pinned at the center of the point group is given by the image of f , K := Im [f :
As far as the topological classification is concerned, the hedgehog-mass vector with a unit winding number can be set as M µ (x) = x µ . Then, the Hamiltonian becomes a Dirac Hamiltonian again
and symmetry is written aŝ
Equivalently, for gamma matrices,
As we did in Sec. 3.1, we introduce new point group operatorsḡ as
so thatḡ acts on the Hamiltonian as an onsite one,
We can find that the factor systemz g,h ofḡs defined byḡh =z g,h gh is exactly the same as z g,h forĝs, as expected.
Since there exist exactly the same number of "k-type" and "r-type" coordinates, the topological classification of the mass term mΓ 0 is recast as that for 0d Hamiltonians H 0d with the same symmetry class, which is dubbed "a defect gapless state as a boundary state". [20] The explicit construction of the dimensional raising isomorphism are as follows. Let
be the decomposition of the group G associated with the homomorphisms φ g , c g , namely,
Let D β (g ∈ G AI 0 ), be an irrep of G AI 0 with the factor system z g,h . The Wigner criteria and the orthogonal test for the irrep β are defined as
Here,
determines the EAZ class of β. A representative 0d Hamiltonian of the irrep β is given as
where τ z is the z-component of the Pauli matrices τ for the particle-hole space. Also, the symmetry opera-torsḡ (0d) are given as, for for elements with φ g = c g = 1,
and proper expressions for other values of φ g , c g . Here,
is the representation of G AI 0 mapped by the group element h ∈ G. By construction, H 0d has the G symmetrȳ
Starting from the 0d Hamiltonian, we have the dimension rasing isomorphisms:
Here, σ, s, µ are Pauli matrices, and we abbreviated (k 1 , k 2 , k 3 , r 1 , r 2 , r 3 ) by (k, r). We eventually have the mapped 3d Hamiltonian H 3d (k, r) with the hedgehog-mass term with a unit winding number,
with gamma matrices
To have the original MPG operatorsĝ for the symmetry (42), performing the inverse transformation of (44), we have symmetry operatorŝ
This establishes the isomorphism between the group K AI of atomic insulators at the origin of the point group and the group of 3d Dirac Hamiltonians with the hedgehog mass with a unit winding number.
Homomorphism
Followed by the previous section, we introduce the operatorg acting only on the real space bỹ
From a straightforward calculation, we see that the factor system ofgs matches withz g,h introduced in (26).
Neglecting the hedgehog-mass term r · Γ, we have a Dirac Hamiltonian with a uniform mass
The Hamiltonian H 3d (k) belongs to the K-group K, and it may be reducible. Thus, H 3d (k) is a direct sum of generators of K.
Computing the homomorphism f : K AI → K is to establish the character formula for the irreducible decomposition of the 3d Dirac Hamiltonians. LetD α be an irrep of G 0 = {g ∈ G|φ g = c g p g = 1} with the modified factor systemz g,h . When the EAZ class of α is either of AIII, AIII T , DIII, or CI, the irrep α contribute to the K-group K as the free abelian group Z characterized by the 3d winding number w 3d . When the EAZ class of α is either of AII, AII C or CII, the irrep α contribute to the K-group K as the abelian group Z 2 characterized by the Z 2 number ν 3d . In the rest of this subsection, we derive the character formula to give the matrix element f | β→α : K AI | β → K| α of the homomorphism f from a given irrep β for K AI to an irrep for K.
In Appendix C, we summarize how to compute the cokernel of f .
Z invariant w 3d for chiral class
Given an irrepD α of G 0 , if the chiral operator ab exists and preserves the irrep α, namely O Γ αα = 1, there exists an irrepD + α of (G 0 + abG 0 ) = {g ∈ G|φ g = 1} whose restriction on G 0 isD α (see Appendix A). By using the irreducible characterχ + α ofD + α , the 3d winding number of the Dirac Hamiltonian H(k) = k · γ + H 0d Γ 0 with the symmetry operatorsg is given by (see Appendix B)
g .
The prefactor (−1) was introduced to make the formula simple. Plugging the expression (66) ofg into the above formula, we see that for g ∈ abG 0 ,
We have used γ 1 γ 2 γ 3 Γ 0 Γ 3 Γ 2 Γ 1 = −i for the gamma matrices (64). Therefore, for the Dirac Hamiltonian (68) obtained by the irrep β of G AI 0 , the 3d winding number w 3d | β→α of the irrep α is
where we have used Q Rg = cos
The matrix element f | β→α : Z → Z is eventually given as
Here, the factor 1 2 for class CII is needed because the 3d winding number of class CII takes an even integer.
Z 2 invarinat ν 3d for class AII and CII
For an irrep of G 0 whose EAZ class is either of AII, AII C , or CII, the mass term is classified by Z 2 . Given a Dirac Hamiltonian H(k) = k · γ + mΓ 0 with the symmetry operatorg, the Z 2 invariant ν 3d for the irrep α is given by
Here, as usual, the number of α-irreps, which was denoted by #(α-irreps), is given by the irreducible decomposition
In particular, for the symmetry operatorsg given by (66), noticing φ g = 1, c g p g = 1 for g ∈ G 0 , we have
Here, we have used
The last factor is given as
This establishes the formula of the matrix element f | β→α :
The classification of surface states of TIs and TSCs
In this section, we apply the irreducible character formulas of the homomorphism f : K AI → K developed in Sec. 3 to TIs and TSCs with crystallographic MPGs.
The factor system z g,h for MPGs G can be arbitrary in general, however, in this paper we concern with spinless or spinful electrons, where the factor system is given by z g,h = 1 for spinless electrons,
with z g,h ∈ {±1} the factor system of the Spin(3) rotations introduced in (27). The sign (−1)
comes from the TR squareT 2 = −1 in spinful electrons.
Insulators
Let G be a MPG. Which group element is unitary or antiunitary is specified by the homomorphism φ : G → {±1}. For insulators, c g are identically unity. Let G 0 = {g ∈ G|φ g = p g = 1} be the group of orientation-preserving unitary elements, and T, P, P t ∈ G be representatives such that
respectively. The group G splits as
For irreps α of G 0 with the modified factor systemz g,h defined by (26), the Winger criteria (33), (34) and the orthogonal test (35) determine the EAZ classes. The results are summarized in Table 3 (spinless electrons) and Table 4 (spinful electrons). This extends the previous results for a part of point groups in spinful electrons. [18, 22] From the EAZ class, the K-group K is fixed according to the periodic table (Table 2) . For example, the MPG 4/m'mm for spinful electrons has the EAZ classes {DIII 2 ,AII C }, meaning that in 3 space dimensions the K-group, the classification of uniform mass terms, is given by
Let G AI 0 = Ker φ = {g ∈ G|φ g = 1} be the group composed of unitary symmetries. The group G splits as
with a a representative of antiunitary symmetry. For an irrep β of G AI 0 with the factor system z g,h , the Wigner criteria (53), (54) and the orthogonal test (55) determine the EAZ class of β, and the K-group K AI of atomic insulators at the center of point group. The formulas (73), (78) give us the homomorphism f : K AI → K. The abelian group K of 4th-order TIs is given by K = Im f , and the classification of surface states reads as K/K . The results of the quotient groups K/K are summarized in Table 5 (spinless electrons) and Table 6 (spinful electrons). For example, the surface states compatible with the MPG11' composed of TR and inversion symmetry is classified by K/K = Z 4 in spinful electrons, [17] where it is known that odd integers of Z 4 = {0, 1, 2, 3} correspond to 1st-order TIs, and 2 ∈ Z 4 is the 2nd-order TI that hosts a chiral hinge state.
Some comments are listed below. (1) No 1d building-block state exists for the class AI and AII. Therefore, the group K/K represents either of 1st-or 2nd-order TI. (2) For MPGs having the bare TRS, whose name includes 1', in spinless electrons, we see that no surface states K/K = 0. This is compatible with that no building-block state exists for 1d, 2d, 3d in class AI. (3) The 1st-order TI appears if and only if the system is spinful electrons, and the MPG includes the bare TRS. The "only if" part is due to that the 3d TI is compatible with O(3) × Z T 2 symmetry. For other cases, the quotient group K/K represent 2nd-order TIs in spinful electrons.
Superconductors
Let G be a MPG equipped with the homomorphism φ g ∈ {±1} and the factor system z g,h . We assume the normal part h(k) of the Bogoliubov-de Gennes (BdG) Hamiltonian is symmetric under the group G,
where u g∈G represent the transformations for internal degrees of freedom. We assume the superconducting gap function ∆(k) obeys a 1-dimensional representation e iθg ∈ U (1) of G, 4 4 When the gap function ∆(k) belongs to a N -dimensional irrep Dα of G, there is a representation basis {∆j(k)} N j=1 of the vector space in which gap function lives satisfying
with the trivial factor system, i.e., e iθg e iφgθ h = e iθ gh . When G involves an antiunitary element, 1-dimensional irreps can be obtained by the following manner. Let G u = Ker φ ⊂ G be the subgroup composed only of unitary elements, and a ∈ G be a representative for antiunitary symmetry such that
of the irrep α 1d with the trivial factor system. If W T α 1d = 1, the induced rep is not 1-dimensional, thus, W T α 1d must be 1. Namely, the set of 1-dimensional irreps of G is the set of irreps of G u with the Wigner criterion W T α = 1. For elements g ∈ aG u , the induced representation of G is given by e −iθ a −1 g .
For the BdG Hamiltonian
the total symmetry group becomes G × Z C 2 , where Z C 2 is generated by PHSĈ = τ x K with K the complex conjugation. It should be noted that the symmetry operatorsĝ for g ∈ G depend on the 1-dimensional irrep of the gap function asĝ
Let us fix the factor system for the total symmetry group G × Z C 2 . We define the operators involvingĈ by Cg = gC :=Ĉĝ for g ∈ G. With this choice, by using the equalitŷ
the factor system is determined as
for g, h ∈ G. In accordance with the general recipe in Sec. 3.1, we introduce the modified operators
with the modified factor system z g,h = (−1)
Note that
It is useful to introduce the the subgroup G * := {g ∈ G|φ g = p g = 1} ⊂ G composed of orientationpreserving unitary elements and representatives T, P, P t ∈ G satisfying (80). The total symmetry group
The gap function ∆(k) is specified by a vector η = (η1, . . . , ηN ) ∈ C N so that ∆(k) = N j=1 ηj∆j(k). When the irrep Dα is not trivial one (an unconventional superconductor), the bare MPG symmetry G is spontaneously broken. Using the U (1)-phase rotation of complex fermions by the amount of e −iθg /2 , we can recover the symmetry of g ∈ G, provided that Dα(g) is a pure phase Dα(g) = e iθg × 1. Therefore, we focus only on the gap functions obeying a 1-dimensional irrep of G.
Given an irrep α of the group (G * + CP t G * ) with the factor systemz g,h , we get the EAZ class of α from the Winger criteria (33), (34) and the orthogonal test (35). The results are summarized in Table 7 (spinless electrons) and Table 8 (spinful electrons).
The groups K AI , K/K are given by the same way as in Sec 4.1. Let G AI 0 = {g ∈ G|φ g = 1} ⊂ G be the subgroup composed of unitary symmetries, and a ∈ G is a representative of antiunitary symmetry. The total group G × Z C 2 splits as
For an irrep β of G AI 0 with the factor system z g,h , the Wigner criteria (53), (54) and the orthogonal test (55) determine the EAZ class of β, and the K-group K AI . The formulas (73), (78) give the homomorphism f : K AI → K. The abelian group K of 4th-order TSCs is given by K = Im f , and the classification of surface states is given by the quotient K/K . The results of the quotient groups K/K are summarized in Table 9 (spinless electrons) and Table 10 (spinful electrons). There, to specify 1-dimensional irreps of gap functions, we employ the Mulliken symbols. See [23] for the character tables we employed.
In spinful systems, there may exist the 1st-order TSC if the MPG G includes the bare TRS T . Let us write such MPG by G = G nm × Z T 2 with G nm a point group. We first note that the set of 1-dimensional irreps of G nm × Z T 2 with the trivial factor system is the set of real 1-dimensional irreps of G nm , since e iθg = e iθ T gT = e iθ T (e iθg e iθ T ) * = e −iθg for g ∈ G nm . For the 3d Dirac Hamiltonian, the 3d winding number detecting the 1st-order TSC is written as
From equations (20) , (87), andĝT =Tĝ, we see that the winding number w 1st 3d changes as
We conclude that the 1st-order TSC survives if and only if the gap function ∆(k) is even/odd under orientation-preserving/reversing symmetry transformations g ∈ G nm . In Table 10 , the appearance of the 1st-order TSC is highlighted with the bold red character.
Summary and outlook
In this paper, we developed the way to compare the group K AI of atomic insulators with the bulk K-group K, in the presence MPG symmetry in 3 space dimensions. As an application, we computed the quotient groups K/K of the bulk K-group K and the group K of 4th-order TIs/TSCs for all the 122 MPGs and 1-dimensional representations for the superconducting gap function, which gives the exhaustive classification of surface states of 3-dimensional TIs and TSCs. The main results are summarized in Tables 3-10. Let us close by mentioning future directions.
-The formulation developed in Sec. 3 is applied only to TIs/TSCs without translation invariance. To apply our method to magnetic space groups, we need to properly glue local building-block Dirac Hamiltonians nearby high-symmetric points together in the whole real space. This can be systematically done by the Atiyah-Hirzebruch spectral sequence based on the dual cell decomposition of the real space, which provides the E ∞ -page complementary to the Atiyah-Hirzebruch spectral sequence based on the usual cell decomposition discussed in [10, 16] . We leave this problem as a future work.
-Our formalism can be also applied to the classification of stable superconducting nodal structures in the Brillouin zone. For example, a point node at the wave number k 0 on a high-symmetric line along to the k z -direction is written as a 3d gapless Dirac Hamiltonian H pn (k x , k y , k z ) = (k − k 0 ) · γ in the vicinity of k 0 . On the one hand, any nodal structures, including point, line, and surface nodes, with the nodal point at k 0 is described by a gapless 1d Dirac Hamiltonian H n (k z ) = (k z − k z0 )γ z on the high-symmetric line. Both the types of Hamiltonians H pn (k), H n (k z ) are classified and constructed according to the formalism in Sec. 3. Comparing H pn (k) and H n (k z ), one can find which a nodal point measured on the high-symmetric line is a point node or not.
-In this paper, we focus on 3 space dimensions. It should be interesting to generalize our character formulas (71), (78) to any space dimensions.
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A An extension of irreducible representations
The orthogonal test O Γ αα = 1 means that the mapped representationD ab(α) by ab is unitary equivalent to D α , i.e., there exists a unitary matrix U such that the relatioñ
holds true. From a straightforward calculation, we find that
. The latter implies, from the Schur's lemma, U 2 = λD α ((ab) 2 ) with a U (1) phase λ. We fix the U (1) phase by demanding
Picking up a sign of the square root, we setD + α (ab) := U . For the representation matrices for other elements of
. One can show that the set of matrices {D + (g)} g∈(G 0 +abG 0 ) obeys a projective representation of (G 0 + abG 0 ) with the factor systemz g,h . We note thatD + α should be irreducible as a representation of (G 0 + abG 0 ), because the restricted oneD α is irreducible.
The alternative choiceD − α (ab) := −U gives the inequivalent irrep of (G 0 + abG 0 ). In fact, using the
we have
Here, we used the orthogonality relation among irreps
B The 3d winding number for Dirac Hamiltonians
Before going on constructing the 3d winding number w 3d for generic cases, we first consider the cases where Γ is the only symmetry of the system, i.e., class AIII. For the Dirac Hamiltonian H(k) = k · γ + mΓ 0 with chiral symmetry ΓH(k)Γ −1 = −H(k), the 3d winding number w 3d is given by
Actually, the minimal 4 by 4 model H(k) = k · σµ x + mµ y , Γ = µ z has w 3d = 1. We should suitably generalize this formula to generic cases.
Let us consider 3d Dirac Hamiltonian H(k) = k · γ + mΓ 0 with unitary antisymmetrỹ
Let α be an irrep with the orthogonal test O Γ αα = 1 so that the 3d winding number w α 3d is well-defined. The integer w 3d counts how many times the irreducible 3d Dirac Hamiltonians made from the irrep α occur in H(k). A subtle point is that theg square for g ∈ abG 0 is not proportional to the identity operator in general, which spoils the formula (99). Instead, we employ the extended irrepsD + α ,D − α introduced in Appendix A. The irrepsD + α ,D − α play the roles of the positive and negative chiralities. To apply the orthogonality relation of the irreducible character, we introduce new operators ρ(g) for g ∈ (G 0 + abG 0 ) with the same factor systemz g,h as
so that ρ(g) behaves unitary symmetry
Then, given a 3d Dirac Hamiltonian H(k) and symmetry operatorsg, w 3d is given as
C The cokernel of f :
In this Appendix, we formulate how to compute the cokernel of the homomorphism between abelian groups involving Z and Z 2 . Let us consider a homomorphism
Let 
is written as
Applying the Smith decomposition to C, we have
with u, v unimodular matrices. Then, M is written as
Here, we have introduced the notation of submatrices
The problem to compute the cokernel of f is recast as that of the restricted homomorphism
with the representation matrix
This can be done by embedding Z 2 into Z, and taking the quotient of the homomorphism Z 
Applying the Smith decomposition to M , we have
with d j (j = 1, . . . , q) nonnegative integers. The cokernel of f is eventually given by
D Classification tables
This appendix summarizes the classification tables. In Tables 5, 6 , 9, 10 "Free" and "Tor" stand for the free and torsion parts of the quotient K/K , respectively. 6/mmm1' 6/mmm A1u 
231' AII
2 , A T m3 AIII 4 m31' AIII T , DIII 2 m'3 D 2 , A C 432 A 5 4321' AII 5 4'32' AII 4 4 3m AIII 2 , A Γ 4 3m1' D T , DIII 2 4 '3m' D 4 m3m AIII 5 m3m1' DIII 5 m'3'm DIII 2 , AII C m3m' DIII 4 m'3'm' D 5
MPG Free Tor
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